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BEN WALTER 

Abstract. We use the Lie coalgebra and configuration pairing framework presented previously in 1 1 X | to 
derive a new, left-normed monomial basis for free Lie algebras (built from associative Lyndon-Shirshov 
words), as well as a dual monomial basis for Lie coalgebras. Our focus is on computational dexterity 
gained by using the configuration framework and basis. We include several explicit examples using the 
dual coalgebra basis and configuration pairing to perform Lie algebra computations. As a corollary of our 
work, we get a new multiplicative basis for the shuffle algebra. 



1. Introduction 

Let V be a finite dimensional vector space with ordered basis v\ < ■ ■ ■ < Vd- The (associative) Lyndon- 
Shirshov words on the alphabet v\ , . . . , Vg are finite words which are lexicographically minimal among their 
cyclic permutations. Various different methods (see e.g. [2], [I]) are present in the literature, constructing 
different bases for the free Lie algebra on V starting from Lyndon-Shirshov words. We will derive a new 
basis for LV from Lyndon-Shirshov words, as well as a dual basis of monomials in the graph presentation 
of the cofree conilpotent Lie coalgebra ¥>V* on V* using the configuration pairing and graph coalgebras 
framework of . 

Since our basis is natural from the point of view of the configuration pairing, we call it the configuration 
basis of a Lie algebra. We emphasize that the surprising property of the configuration basis is that it has 
a dual Lie coalgebra basis of graph monomials. While some previous work has considered duality (e.g. 
3 ) in the formation of bases for Lie algebras, previously duality was formal, rather than using explicit 
presentations, and work occured in the universal enveloping algebra of Lie algebras, rather than on the Lie 
algebras themselves. 

Note that even though our starting point is the set of Lyndon words, the configuration basis is not a Hall 
basis. However, it still satisfies some of the same nice properties as Hall bases. For example, writing Lie 
bracket expressions in terms of the configuration basis yields integer coefficients fCorollary |4.4l) and the Lie 
polynomial of the configuration basis can be written as shuffles of higher ordered elements (Theorem l6.4[) . 
The latter property implies that the configuration basis may be used for Grobner basis calculations. 

The paper is structured as follows. In Section [5] we recall the Lie coalgebras framework introduced in 
[TP] and [TT]. We organize ideas slightly differently than [TT] and give extra computational examples to 
clarify the framework and its use in this setting. The central idea needed is the configuration pairing of Lie 
algebras and coalgebras. This will be described by writing Lie algebra elements as trees and Lie coalgebra 
elements as graphs. 

In Section [3] we introduce a new grading on the set of Lyndon-Shirshov words B [1], [7]. A simple word 
is x . . . xyi . . .ye with x ^ yi. Words are graded by classifying them as simple words, simple words of 
simple words, simple words of those, etc. 

In Section [4] we recursively define bracketing and graph maps C and Q making Lie algebra and coalgebra 
elements from Lyndon-Shirshov words. Our main theorem shows that CB and QB are dual monomial bases 
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for the free Lie algebra and cofree conilpotent Lie coalgebra via the configuration pairing. The set CB is 
the configuration basis of the free Lie algebra LV. 

In Sections [5] and [5] we give examples using the configuration pairing to write Lie expressions in terms of 
the configuration basis. We also recall the classical Harrison model of conilpotent Lie coalgebras as words 
modulo shuffles and note that in this model the Lyndon words themselves form a basis. In examples, we 
show how the configuration pairing, which is not part of the classical picture, can be used to perform Lie 
algebra calculations using the Lyndon word basis for the Harrison model of EV* . 

In Sections [7] and [3] we compare the configuration basis to some other bases present in the literature, 
connecting with classical Lie models, and outline some possible avenues of future interest. In Section[5]we 
also construct an alternate set of words B which can be used as a replacement for the Lyndon-Shirshov 
words. The set B is also a new multiplicative basis for the shuffle algebra. 

2. Graphs, Lie Coalgebras, and the Configuration Pairing 

We begin with a summary of pertinent results from and |10) slightly rephrased and specialized for 
the convenience of our setting. Throughout this section we will say tree and graph to mean rooted, binary 
tree embedded in the upper-half plane and oriented, connected, acyclic graph. Trees will be denoted T 
and graphs, G. Labeled trees and graphs, r = (T, It) and 7 = (G, Iq) are trees and graphs with maps 
It : Leaves(T) — > St and Iq ■ Vertices(G) — > Sq where St, Sq are labeling sets. 

Our shorthand for writing labeled trees and graphs will be to write corresponding labels in place of 
their leaves and vertices. We do not require It or Iq to be injective or surjective. 

Let V be a finite dimensional vector space with dual V*. Write Tr(V) and Gi(V*) for the vector spaces 
generated by trees and graphs with labels from V and V*, modulo multilinearity in the labels. The vector 

7"1 T2 

space Tr(V) has a standard product defined on monomials as t\ ®ti i — > [n, T2] = V . The vector space 

Gi(V*) has an anti-commutative coproduct defined on monomials as 7 1 — > ]j[ — J2 e 7i ® 7f — 72 ® 7i 
where ^2 e is a sum over all edges of G and jf, 7I are the graphs obtained from 7 by removing the edge e 
which points to the subgraph 7! . 

It is a standard fact that LV, the free Lie algebra on V, is isomorphic as algebras to Tr(V') modulo the 
locally defined anti-symmetry and Jacobi relations: 

Ti T 2 T 2 T\ 

(anti-symmetry) ~Y = — Y 

R R 
Ti T 2 T 3 T 2 T 3 Ti T 3 7\ T 2 

(Jacobi) YY + V + V = 0, 

R R R 

where R, Ti, T2, T3 stand for arbitrary (possibly trivial subtrees) which are not modified in these operations. 
(Tr(V) itself is isomorphic to the free nonassociative binary algebra on V, aka the free magma on V.) From 
[TT] the cofree conilpotent Lie coalgebra on V* , written F,V*, is isomorphic as coalgebras to Gr(V^*) modulo 
the locally defined arrow-reversing and Arnold relations: 

'F , ' V 

(arrow-reversing) \ f = — / 

v a a 

/7I 

(Arnold) ' / \ + \ + / = 0, 

where a, b, and c stand for vertices in a graph which is fixed outside of the indicated area. (Gr(V*) itself 
is closely related to the cofree preLie coalgebra on V* .) 

Remark 2.1. In [11[ Prop. 3.2] work is restricted to graded, 1-reduced vector spaces. This requirement is 
needed to have EV be the cofree Lie coalgebra. Removing graded, 1-reduced results in EV being the cofree, 
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conilpotent Lie coalgebra. This follows from [ITJ Prop. 3.14], which is independent of 11, Prop. 3.2]. The 
difference between cofree Lie coalgebras and cofree, conilpotent Lie coalgebras is the presence of infinite 
graphs, which are not needed in the present application. 

The core of the EV = Gr(V r )/~ proof in [TTJ, and backbone of the current paper, is the configuration 
pairing of graphs and trees, introduced in [TU] and extended to Gr(V*) and Tr(V) in [llj . Given an 
isomorphism a : Vertices(G) — > Leaves(T), define f3 a : Edges(G) — > {internal vertices of T} by sending 

the edge to the internal vertex closest to the root of T on the path from leaf a(a) to leaf cr(b). For 
unlabeled graphs and trees, the cr-configuration pairing of G and T is 

Yl sgn(/3 CT (e)) if a is surjective, 

(G, T) a = { eeE(G) 

otherwise 

where Y[ e i s a product over all edges of G, and sgn(/3 cr ( a /^ b )) = ±1 depending on whether leaf a (a) is left 
or right of leaf <r(b) in the planar embedding of T. 

Example 2.2. Following is the map /3 CT for two different isomorphisms a of the vertices and leaves of a fixed 
graph and tree. The different isomorphisms are indicated by the numbering of the vertices and leaves. 

2 213 2 13 2 

Y V ^ ^^/(e 2 ) Y ^ ^ I3^{{e 2 ) 

13 13 

In the first example, sgn(/3 CTl (ei)) = —1 and sgn(/3 CTl (e 2 )) = 1. In the second example, sgn^^ (ei)) = 1 
and sgn(/3 CT2 (Y) = —1. The associated cr-configuration pairings are (G, T) ai = —1 and (G, T) a . 2 = 0. 

Definition 2.3. On monomials 7 = (G,l G ) <E Gr(V*) and t = (T, It) e Tr(V) let 

r = £ \(G,T) a J] (l G (v),l T (a(v))\ 

uev(G) 

where is a sum over all isomorphisms a : Vertices(G) — > Leaves(T) and Y[ v is a product over all 
vertices of G. If there are no isomorphisms er, then (7, r) — 0. The configuration pairing is ( , } extended 
to Gr(V*) x Tr(V) by multilinearity. 

la' a b b\ 

Example 2.4. The configuration pairing ( / \ , \|/ y = —2. The isomorphisms 

9 21 3 2 3 1 




/\ Y and /\ 



between Vertices(G) and Leaves(T) are the only two which will give IlYcY)' kr( IJ ( v ))) ^ 0. These pair 
(G, T) CT1 = -1 and (G, T) CT2 = -1. 

lb* a b b\ 

Example 2.5. The configuration pairing ( 4 \ , \J/ y = 1. The isomorphisms 

Y 2 } 2 1 . 3 . 2 



/\ ^ y and /\ 



between Vertices(G) and Leaves(T) are the only two which will give Y\ v (Ig( v ), Y ct (Y) ^ 0. These pair 
(G, T) ai = 1 and (G, I% 2 =0. 
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,6* b b a \ 

Example 2.6. The configuration pairing ( 4 \ , V/ ) = 0. The isomorphisms 



b* 

2 \/ / 2 \/ / 

/\ ^ Y and A ^ Y 

13 13 

between Vertices(G) and Leaves(T) are the only two which will give Y\ v {Ig{ v ) , Y^Y))) ^ 0. These pair 
(G, T) CT1 = -1 and (G, T) CT2 =1. 

From [11] . the configuration pairing vanishes on the ideal of Tr(l^) generated by the anti-symmetry 
and Jacobi identities and on the coideal of Gr(V) generated by the arrow-reversing and Arnold identities. 
Thus the configuration pairing descends to a pairing between E(y*) and L(V). Furthermore we have the 
following. 

Theorem 2.7 (3.11 of 11). Let V be a finite dimensional vector space over a field of characterisic zero. 
The configuration pairing of LV and F,V* is a perfect pairing. 

Theorem 2.8 (3.14 of [11). Given 7 S EV* and [ti,t 2 ] S LV , 

Y b"i,T 2 ]) = ^2(c*i, Y (A, Y 

i 

where ]j[ =J2i a i® Pi- 
Remark 2.9. One corollary of the current work is that we may remove the "characteristic zero" assumption 
from Theorem 12 . 71 using a dimension argument. 

For more detail on the foundations and interpretations of the configuration pairing, see |13j . 

3. Simple Words 

Given a finite dimensional vector space V, choose an ordered basis v\ < ■ ■ • < Vd and write A for the 
set of all finite words written using the alphabet {v%, . . . , Vd}. Let B be the set of (associative) Lyndon- 
Shirshov words in A. Explicitly, the ordering of its alphabet induces a lexicographical ordering on the 
words A. Let B be the collection of words u G A where w has smaller ordering than any of its cyclic 
permutations. 

Example 3.1. For simplicity, write 1 for v\, 2 for V2, etc. 

• 112 e B but not 121 or 211. 

• 111122, 111212 e B but not 112112. 

The following proposition is classical, and is proven by a simple counting argument. 
Proposition 3.2. B satisfies the Witt formula: 

^{elements of length n} = — Y MY cY m 

n 

m\n 

where fi is the Mobius function. 

k 

Definition 3.3. A simple word in an ordered alphabet is xT^~xyi . . .yi = x k y\ ■ ■ .ye where x ^ yi for all 
i (and k,£ > 0). Two simple words are compatible if their initial letters are the same. Compatible simple 
words are ordered lexicographically via the ordering of their alphabet. 

Let Aa d Abe the subset of singleton words and Ai C A be the subset of simple words. Recursively 
define A m C A for m > 1 as the simple words in an ordered alphabet of compatible words in Am— 1. Note 
that to be in A m , a word must be length at least 2 m . 
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Example 3.4. For clarity, in the following we will insert parenthesis in the A2, A3, and A\ examples to 
indicate subwords from lower levels. Suppose the ordered alphabet A® is {1 < 2 < • • • < 9}. 

• 112 < 12 < 122 < 13 G Ai. 

• (112) (112) (122) < (112) (12) G A 2 . 

. ((112)(112)(12))((112)(1122)) < ((112)(112)(12))((112)(12))((112)(12)) E A 3 . 
. (((112)(112)(12))((112)(12))((112)(122))) (((112)(112)(12))((112)(122))) G A 4 . 

It is quick to check that the A m are disjoint and A = U m A m . The key fact is that decomposition of a 
word into the form ui k ijji • • - ipe with ui, ipi G A m — 1 compatible is unique. When we write ui k ifii . . . ifig G A m 
our implication will be that the presented decomposition is the unique decomposition into compatible 
words of Am-i- For each m define B m — B n A m . The examples from 13.41 are all members of B. The 
ordering of compatible words is chosen so that the following is true. 

Lemma 3.5. ui ipi . . . G B m if and only if ui,xbi G B m -i and ui < tpi f or a M * (* n the ordering of 
compatible words of A m -\). 

Proof Sketch. It is enough to show that the ordering on compatible words of A m -i (as words in an alphabet 
of compatible words of Am-2) coincides with their lexicographical ordering as words of A. Induct. □ 

4. The Configuration Basis 

Define maps £ : B — > Tr(y) and Q : B — > Gt(V*) recursively as follows. On Bq, £v{ = Vi and 
Qvi = v* (the graph with a single vertex labeled by v*). Call the single vertex of Qvi the pivot vertex. For 
u> k ipi . . .ipi G B m define 

k 



£ : co k ip 1 
Q : o>Vl 



.^ t ^[[[[[[C^,Cuj],...],Cw],CH 
.ipi t- 



Qu) Qu> Q1P2 Gipt 

XX * XX 



where the subgraph Qui appears k times and the arrows connecting the subgraphs above connect their 
pivot vertices. The pivot vertex of the above graph is inherited from Qipi. 

Example 4.1. Following are some examples of £u and Qui for u G B\, B 2 , B3. For clarity we will draw the 
larger bracket expressions also as trees when writing £ and we will neglect * when writing Q. 



• £12 

Q12 



[2,1] and £112 
\ and £112 = 



[[2,l],l] and £11234: 



[[2,1],1],3 



X X and £11234 

1 2 



1 3 

^ \ 7f X . 
12 4 



£(112)(112)(13)(142) = 



[3,1],[[2,1],1] ,[[2,1],1 



,[[4,1], 2] 




£(112)(112)(13)(142) 



£((12)(13))((12)(14)) = |[[4,1],[2,1]],[[3,1],[2,1] 
0((12)(13))((12)(14)) 



^2^^3 



^2^ — 4 



< ,1 2, 1 3 N X 2, ,1 



Write QB and £B for the images of the set of Lyndon words under Q and £. 
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Theorem 4.2. Bracket expressions CB and graph expressions QB are dual vector space bases for the free 
Lie algebra LV and the cofree conilpotent Lie coalgebra EV*. 

Proof. Applying Proposition 13.21 it is enough to show that QB and CB pair perfectly to prove both that 
the sets QB and CB are each independent, and thus bases, and also that they are dual bases. 

Let v,ui S B, and suppose (Quj,Cv) ^ 0. Fix a bijection a : Vertices(£/w) ^—t Leaves(£u) so that its 
term in the configuration pairing is nonzero. Note that a induces a bijection between the letters of v and 
those of uj with repetition. Let x be the minimal letter in v and uj. This letter is also their initial letter, 
since they are words in B. 

From the definition of C, the innermost brackets of Cv are of the form [j/i,i,x] for some letters yi,\. 
There must be corresponding edges in Quj between vertices labeled x* and y*i corresponding under a. 

From the definition of Q, these edges must be 1 ^ , . 

° Vi,l 

Further, Cv breaks into a series of maximal length bracket expressions x], . . . x], yi,2], ■ ■ -Vi,^] 

with x 7^ Di.j S .4o- A nonzero pairing with x], x] implies that there is an edge from the graph x 
to a vertex labeled x* in Quj. Since non-x* vertices are connected to at most one x* in graphs Quj, this edge 

must be js x x . . Continuing in this manner, the bracket expression 1; x], . . . x] must correspond to 

x* yi,i 

a subgraph x \ *r v . 

Vi.l 

The next bracket, with yi t 2, implies that there must be an edge from this subgraph to a vertex labeled 
y*i2 °f From the structure of Q, the edge cannot connect to an x* , so it must connect to y* 1 . The next 
bracket, with 2/1,3, implies that there is an edge from this subgraph to the corresponding vertex y* 3 in Qui. 
If the edge came from y*- 1: then the structure of Qui implies that one of the vertices y* 2 and y* 3 would also 
have an edge to a vertex x* . This is not possible, because this vertex would correspond to an x in some 
other maximal length bracket expression x], . . . x], 2/^,2], • ■ • 7 Uj,£j] of Cv, implying the presence of a 

subgraph » X. jS x >=- » in Quj. 

Vi,k "' Vj,l 

The next bracket, with j/i.4, implies an edge in Quj from this subgraph to a corresponding y* 4 . The edge 
cannot connect to x* or y* x for the reasons already stated and it cannot connect to y* 2 because non-pivot 
vertices in Quj are at most bivalent. Continuing in this way, we get that each maximal length bracket 

expression in Cv must correspond to a subgraph x v ^ ^ ^ rV '' 2 ^ sr % ' li 01 Qu. Both the bracket 

v'.i 

expression and the subgraph expression above correspond to an A\ subword x k yi_\ . . . yi^ t of v and u>. 

Thus a gives a bijection of A\ subwords of uj and v. Let £ be the minimal A\ subword of v and uj. By 
Lcmma l3.51 this A\ subword is also their initial A\ subword. Continue by induction (take the A\ subwords 
as the alphabet and look at bracket expressions and graphs of them, etc). Since v is finite, it is in B m for 
some finite m. At this stage, we will have identified u> = v. 

It remains only to show that (Qui,Cuj) = 1. But this is clear. Recursively apply the calculation 
(Qx k yi ■ ■ .ye, Cx k y\ . . . yi) = 1 using the fact, established above, that any bijection a yielding a nonzero 
term in the configuration pairing {Quj, Cv) must give a bijection of A m subwords of uj and v. □ 

Definition 4.3. CB is the configuration basis of the free Lie algebra LV. 

Theorem 14.21 has the following corollary, similar to the situation for Hall bases of Lie algebras. 

Corollary 4.4. Lie bracket expressions, when written in terms of the configuration basis, have integer 
coefficients. 



Proof. The Lie bracket expression £ will have Cuj coefficient (Quj, £). The configuration pairing of a graph 
and tree is always an integer. □ 
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5. Examples and Computations 



For simplicity we focus on the vector subspaces of LV where d basis elements are repeated ni, . . . ,n<j 
times. Classically, a counting argument on B similar to Proposition 13.21 recovers the fine Witt formula 



where n = rii. For comparison with other Lie bases and for use in later examples, we record the 
configuration basis for some of these vector subspaces along with associated elements of B. In the examples 
below, suppose V has basis x < y < z. 

Example 5.1 . The vector subspace of bracket expressions of x, y, z with each repeated twice has basis given 
by the following fourteen elements. 

• xxyyzz [[[[[y,x],x],y],z],z]. 

The five words xxyzyz, xxyzzy, xxzyyz, xxzyzy, and xxzzyy also have C of this form. 

• xyxyzzi-+[[[[y,x],z],z],[y,x]] 

The three words xyxzyz, xyxzzy, and xzxzyy also have C of this form. 

• xyyzxz ^ [[z,x},[[[y,x],y],z]) 
Cxyzyxz is similar. 

• xyyxzz [[[z,x],z},[[y,x},y]). 
Cxyzxzy is similar. 

Example 5.2. The vector subspace of bracket expressions with three x and four y has basis given by the 
following five elements. 

• xxxyyyy^ [[[[[[y,x],x],x],y],y],y] 

• xxyxyyy^ [[[{y,x),y),y),[[y,x},x}) 

• xxyyxyy ^ [[[y,x},y], [[[y,x},x},y]) 

• xxyyyxy^ [[y,x],[[[[y,x),x},y},y]) 

• xyxyxyy ^ [[[{y,x),y),[y,x]),[y,x}] 

We may use the dual graph basis and the configuration pairing in order to write general Lie bracket 
expressions in terms of the configuration basis by applying Theorem l4.2l The following should be compared 
with the rewriting algorithm of Ex. 4.13], which systematically applies the anti-symmetry and Jacobi 
identites to different parts of bracket expression in order to rewrite as a linear combination of Hall basis 
elements. This can take some time, since generically each application of the Jacobi identity adds one more 
bracket expression to which the algorithm must be applied. 

Example 5.3. We will write the bracket expression I = [[[x,y], [y, z]}, [x,z]] in terms of the basis given in 
Example 15.11 First, note that i must pair to zero with Qxxyyzz = x *^*^. y *^rV -^ z ,^r z * , because no 
single cut on this graph will remove a subgraph containing only an x* and z* vertex. Similar reasoning 
shows that £ pairs to zero with all Qu> except for Qxyyzxz, Qxyzyxz, and Qxzxzyy. After removing the 

subgraph from these, we are left with Qxyyz, Qxyzy, and Qxzyy. Of these, Qxzyy = x * 

must pair to zero with [[x,y], [y,z\] because no single cut will remove a subgraph containing only a y* 
and z* vertex. So [[[x, y], [y, z\], [x, z]] = k\Cxyyzxz + kil^xyzyxz. To find k\ and k% we compute pairings 
ki = (Gxyyzxz, [[[x,y], [y,z]], [x,z]]) = -1 and k 2 = {Qxyzyxz, [[[x,y], [y,z]], [x,z]]) = 1. 

Example 5.4. We will write the bracket expression I = [[[[z, y], x], x], [y,z\] in terms of the basis given 
in Example 15.11 Resoning as before, we immediatley see that I pairs to zero with Qxxyyzz, Qxxzzyy, 
Qxyxyzz, Qxzxzyy, and Qxyyxzz. For the remaining graphs, we compute pairings. 




• (Qxxyzyz, [[[[z,y],x],x], [y,z]]) = -1. 



s 
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• 


(Gxxyzzy, [ 




,x 


> [v^W 


> = i. 


• 


(Qxxzyyz, [ 




,x 


> [y, z \\ 


> = i. 


• 


(Qxxzyzy, [ 




,x 


. [y, z]] 


> = -i 


• 


(Qxyxzyz, [ 




,x 


. [v, z]] 


) = 2. 


• 


(Qxyxzzy, [ 


lE^s/L^] 


,x 


. [2/, z]] 


> = -2 


• 


{Qxyzxzy, [ 




,x 


. [y ; z]] 


) = 2. 


• 


(Qxyyzxz, [ 


lE^y]^] 


,x 


. [y, z]} 


> = 2. 


• 


(Qxyzyxz, [ 


lE^j/L^j 


,x 


> Ef> z ii 


> = -2 



Pairing computations may be done either by iterating Thcorem l2.8[ or by applying Definition 12.31 directly, 
or by some combination of the two. Applying Theorem 14.21 we have the following. 

[[[z, y],x],x], [y, z}] = — Cxxyzyz + Lxxyzzy + Cxxzyyz — Cxxzyzy 

+ 2 Lxyxzyz — 2 Cxyxzzy + 2 Cxyzxzy + 2 Cxyyzxz — 2 Lxyzyxz 

Example 5.5. We will write the bracket expression I = [[[[[[x, y], y], x], x], y], y] in terms of the basis given 
in Example 1 5. 2 1 Note that Qxyxyxyy must pair to zero with i since we cannot make two consecutive cuts 

\ x* X 

from the graph j/*^ \ ^-y* each time removing a single y* vertex. For the remaining graphs, 

y 

we compute pairings. 

• (Gxxxyyyy, [[[[[[x,y],y],x],x],y],y]) = -1. 

• {Gxxyxyyy, [[[[[[x,y],y],x),x],y],y]) =1. 

• (Qxxyyxyy, [[[[[[x,y],y],x),x],y],y]) =2. 

• (Gxxyyyxy, [[[[[[x, y], y], x), x], y), y]) = 1. 

Thus [[[[[[x,y],y],x],x],2/],y] = -Cxxxyyyy + Cxxyxyyy + 2 Cxxyyxyy + Cxxyyyxy. 

Note that the difficulty of these pairing calculations is more closely related to the number of repetitions 
than to the length of the bracket expression. 

6. The Classical Lie Coalgebra Basis 

Classically, the free Lie algebra LV is spanned as a vector space by bracket expressions of the form 
[[2/1,2/2], ■ • ■ , y n \- Similarly the cofree conilpotent Lie coalgebra EV* is spanned by "long graphs" - those 
of the form f*^.^*3>^ Write y\\y\\ ■ ■■ \y* n for such a graph. From [Til Prop. 3.21], the coideal of 

EV* generated by arrow-reversing and Arnold expressions is spanned by shuffles | • ■ • |uV(n) 

crGfc-Shufflc 

where fc-Shuffles are the shuffles of (1, ... , k) into (k + 1, . . . , n). Thus, we recover a classical representation 
of the conilpotent Lie coalgebra implied by the equivalence of Harrison homology and commutative Andre- 
Quillen homology. The induced coalgebra structure, already noted in [9], is merely the anti-commutative 
cut coproduct. The induced configuration pairing with Lie algebras may be quickly computed by recursively 
applying Theorem 12.81 

In this context, the configuration pairing recovers an item of classical interest. Write p : LV —> ULV 
for the standard map from W to its universal enveloping algebra. Recall that the universal enveloping 
algebra of a free Lie algebra is canonically isomorphic to the free associative algebra TV, and in this case 
p is given by p(vi) = v t on generators and p{[l ll t 2 \) = p{&i)p{h) —p(h)p{&\)- 

Proposition 6.1. The configuration pairing (yj* \y^\ ■ ■ ■ |yj^, t) is equal to the coefficient of the word 
2/12/2 ■■•Vn inp{£). 

Proof. This follows formally from Theorem 12.81 the structure of p noted above, and the fact that on 
generators {v*,Vj) = S(i,j). □ 
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Write (-)* for the map A — > EV* which reads a word as a bar word, (yiy2 ■ ■ ■ y n )* — y{ 2/2 1 " " " \Vn- 
Classically, Lyndon words are a multiplicative basis for the algebra of all words with shuffle product [6]. 
Combined with [TTJ Prop. 3.21] this implies B* is a vector space basis for E^*. 

Example 6.2. We can use the configuration pairing with B* to recover the result of Example 15.51 In 
Figure 1 we give the portion of the pairing matrix of B* and LB for the basis recorded in Example 15.21 as 
well as with the Lie bracket expression from Example 15.51 To conserve space, we write Cui\, . . . , Cuij for 
the (lexicographically ordered) basis of Example 15.21 and i = [[[[[[x, y], y], x], x], y], y]. For visual clarity we 
leave blank positions where the configuration pairing is zero. 







Cu! 2 


Cui 3 


Cuii £w5 


I 


ui\ 


-1 








1 


UJ 2 


3 


1 






-2 


u 3 




-3 


1 




-1 


Ul 4 




3 


-2 


1 




w 5 




G 


-2 


2 -1 


4 



I = —£u>i + Cu!2 + 2 C0J3 + £u>4. 



Figure 1 . Pairing with configuration basis from Example 15.21 



Example 6.3. In the same way, we recover the result of Examples 15.31 and 15.41 In Figure 2, we give 
the portion of the pairing matrix of B* and CB for the (lexicographically ordered) basis recorded in 
Example 15.11 It is an exercise for the reader to finish this example by computing pairings with the 
brackets of Examples 15.31 and 15.41 



Cuii Cui2 £u>3 Cuii £u>5 £u>6 Cuj*! £u>$ Cuig Cu>io C-ujh Cuj\2 Cuiz Cu> 



14 



-1 
1 

-2 

2 



FIGURE 2. Pairing with configuration basis from Example 15.11 



The shape of the pairing matrix in the previous examples is no coincidence. 
Theorem 6.4. If us < v G B then (ui* , Cv) — 0. Furthermore (ui* , Cui) = ±1. 
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In our proof, we make use of the following computational proposition and its corollary. (To conserve 
space below, we neglect marking * on graph vertex labels.) 

Proposition 6.5. Modulo the Arnold and arrow-reversing relations, the following local identity holds. 

*W "h . . , ... 



-l) k V /X / 



crest 

Corollary 6.6. Modulo the Arnold and arrow-reversing relations, the following local identity holds. 

>> 



hi- 



(-i) k k\ i.,/y' 



Proof of Theorem \6.4\ Applying Theorem 14.21 the first statement is equivalent to lo* = ^j^CiQvi where 
Vi < uj. We apply the Arnold identity repeatedly, neglecting arrows for simplicity. 

Repeated applications of the Arnold identity and Corollary 16.61 convert t ^ X ~~\, i+1 ^ 

to a linear combination of graphs of the form "y 1 X \T ^ with strings of x vertices of varying 

Vi.li Vi+1,1 

lengths off of the y%,i i and yi+i,i vertices. Similarly, applying Arnold and Proposition 16.51 converts the 
graph \\ ^ Vi:2 -^ J )i ' k ^_ f^ " (with either z = yi,£ t ,k = li — 1 or z = k — £j) to a linear 

Vi,l ■■■ ^-JT 

combination of graphs of the form 

'"A '"A 

.... Vi.l \~"' 

~~~~~yi j Ti,o-(k) 

where 1 < j < k and a is some permutation of {j + 1, . . . , k} (if j = 1 then y^i has no "tail" , if j = k then 
z has no "tail"). Note in particular that t/,,i . . . yij < yi.\ . . . yi.j . . . yi,h- Applying these two steps across 
all of u! from left to right, combining "tails" using Proposion 16.51 and then recursing over the grading A n 
(letters, simple words, simple words of simple words, etc), rewrites u* = J2i c i Q v i where Vi < ui. 

To check (oj* , Coj) = ±1, it is enough to follow through the Arnold identity applications above, keeping 
track of which graphs will eventually lead to Qui. At each step there is only a single such graph. □ 

Proof of Proposition \6.5[ Write G for the graph : and order the letters {i/i}iU{z} so that z is minimal. 

Vk^ 

It is enough to show G = X \ ^ modulo Arnold and arrow-reversing, assuming z and yi are all 

< j y&(i) y<r{k) 

unique. However, this follows from the pairing calculations (G, Czy a m ■ ■ ■ y<j(k)) — 1 and (G, do) = for 
all other u G B. □ 



Remark 6.7. An independent proof of Theorem 16.41 could yield an alternate proof that the configuration 
basis is a basis without the use of graph coalgebras. However, showing |6.4l entirelv in the realm of associative 
algebras, never using graphs, appears difficult. 

Remark 6.8. Theorem 16. 41 gives an independent proof that the Lyndon-Shirshov words are a basis for the 
Lie coalgebra EV*. This yields an alternate proof that the Lyndon-Shirshov words are a multiplicative 
basis for the shuffle algebra [6]. 
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7. Comparison with Other Lie Bases 



In practice it is often easier to compute pairings via Theorem 12.81 using the bar basis B* than using 
the graph basis QB. The cobracket of a bar expression of length (n + m) has only two terms of the form 
(length n expression) ® (length m expression) - given by cutting either after position n or after position 
m (and anti-commuting). On the other hand, the cobracket of a graph expression could have many such 
terms from cutting various edges. However, moving to the bar representation of Lie coalgebras gives up 
the monomial dual basis QB. 

Example 7.1. Write [ui] for the classical bracketing method constructing a Hall basis from Lyndon words. 
Recall from [7] that this is recursively defined by [u] — [[a], [(3)] where w = a/3 is chosen so that a is 
nonempty and j3 is lexicographically minimal (classically it is equivalent to choose j3 to so that it is the 
longest possible such Lyndon subword). For example, [xxxyyyy] — [x, [x, [[[[x,y],y],y],y]]] and [xxyyxyy] — 
[[x, [[x, y], y}}, [[x, y], y]}. Using this basis, Example l6.2l is as in Figure 3. For further comparison, in Figure 4 
we include also the pairing matrix corresponding to Example 16.31 





[«l] 


[u 2 ] 


["3] 










1 










1 




-4 


1 








-2 


"3 


6 


-3 


1 






-1 




-4 


2 


-2 


1 






"5 




3 


-2 


3 


1 


4 


I = [£Ji] + 


2H 


- [w 3 ] 


- 2 [ui 


+ 2 


w 5 ] 



Figure 3. Pairing with Lyndon basis for words of Example 15.2 





["l] 


["2] 


["3] 


["4] 


["5] 




["7] 




["9] 


["10] 


["11] 




[W13] ["14] 




1 


























"I 


-2 


1 
























"3 




-1 


1 






















W4 




-1 




1 






















2 


1 


-2 


-2 


1 




















-1 




1 


1 


-1 


1 






















-1 








1 














w| 






2 




-1 




-2 


1 












^9 






-1 




1 


-2 


1 


-1 


1 






















1 






-1 


1 








* 








-1 


1 


-2 




-1 


2 


-2 


1 






W 12 




2 






-2 


4 




1 


-2 






1 




"13 








2 


-1 






1 






-2 


-1 


1 


"14 








-1 


1 


-2 










-1 




1 1 



Figure 4. Pairing with Lyndon basis for words of Example 15.11 



It immediately follows from [7J Thm. 5.1] and Proposition 16.11 that the configuration pairing of B* and 
[B] is always lower triangular with 1 on the diagonal, similar to Theorem 16.41 for the configuration basis. 
Other bases, such as the right-normed basis [Tx] of [1 do not satisfy a triangularity theorem such as 
Theorem 16.41 This is verified via explicit pairing calculations. 



12 



B. WALTER 



Example 7.2. The basis [£?] of [1 satisfies a triangular pairing theorem [TJ Prop. 4.1]. Since pQ uses 
Shirshov's ordering convention for Lyndon-Shirshov words, we reverse the ordering of the alphabet Ao 
for comparison with other bases. Chibrikov's basis is very similar to the configuration basis - when the 
leading letter is repeated few times, many of these basis elements will differ by only a sign, for example 
Cxyzyxz = [[z, x], [[[y, x), z],y}] and \xyzyxz\ = [[[[x, y], z],y], [x, z}}. For comparison, we give its analogous 
pairing matrices below. (Below, we use the reverse ordering on the generators of V to account for the use 
of Shirshov's definition of B in pQ.) 



M M [w 6 ] M 



[w 10 ] [w u ] [w 12 ] [w 13 ] Iw 14 ] 



-11 



-13 



-1 1 



Figure 5. Pairing with the Lyndon basis for words of Example 15.11 



Note that the Lyndon basis B* does not in general have a dual monomial basis of bracket expressions. 
This can be verified by computing the pairings of the Lyndon basis with all bracket expressions in the 
vector subspace where x is repeated twice and y is repeated three times. 





[[[[x,y],x],y],y} 


J[[x,y],y],x},y} 


J[[x,y},y},y},x] 


i[[x,y),y), [x,y]] 


(xxyyy)* 


-1 


-1 


-1 




(xyxyy)* 


2 


2 


3 


-1 



Figure 6. Lyndon words have no dual basis of monomials. 



8. A New Shuffle Basis 

Work similar to Theorem 14.21 and 16.41 can be used to construct other bases of associative words for EV* 
similar to the Lyndon-Shirshov words. This also yields new multiplicative bases for the shuffle algebra. 

We use the ordering on words called degree-lexicographic or deg-lex by pQ. In this ordering, uj < v if 
and only if either u> has less letters than v, or else u> and v have the same number of letters and uj < v 
lexicographically. For a finite alphabet, this is equivalent to using the ordering of letters to view words as 
numbers; e.g. in the alphabet {1 < 2} we have 2 < 12 < 21 < 112. 

Recall (see Example I3.4[) that words have unique expression as a word of compatible simple words. 
Write -< for the ordering of A given by the deg-lex ordering of words in the deg-lex ordered alphabet of 
simple words (thus (13322) -< (13)(122) -< (122)(13) unlike when working lexicographically). It is clear 
that -< is a total order on A. 
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Definition 8.1. Let B be the set of finite words which have minimal -< ordering among their cyclic 
permutations. Define B m = B D A m and CB, QB the same as in Section @] 



The set B m satisfies Proposition ^. 21 and Lemma 13751 which is enough to make the proof of Theorem [42] 
apply. 

Theorem 8.2. Bracket expressions CB and graph expressions QB are dual vector space bases bases for 
LV and EV*. 

Furthermore, Lie bracket expressions, when written in terms of CB, have integer coefficients. 



In the proof of Theorem 16. 4| applications of the Arnold identity and Proposition 16.51 and Corollary 16.61 
reduce the -< ordering as well as the lexicographical ordering, so an analog of Theorem 16.41 holds for B. 

Theorem 8.3. If u -< v G B then (u>* , Cv) = 0. Furthermore (uj* , Clu) = ±1. 

Corollary 8.4. The expressions B* are a vector space basis of^V*. 

Corollary 8.5. The words of B are a multiplicative basis for the shuffle algebra. 

Example 8.6. In an alphabet with only two letters, B and B are the same. 

In the vector subspace of brackets x, y, and z each repeated twice, the change from B to B affects the 
following words. u>n = xyyzxz is replaced by cjio = xzxyyz and — xyzyxz is replaced by u/n — xzxyzy 
and ojio • • • uj\a are reordered. 

The corresponding portion of the pairing matrix for B* and CB has the same number of non-zero 
off-diagonal entries as that of B* and [£>J . 



Clui C£j2 C0J3 £0)4 £0)5 Ccuq Cuji Clu$ CCjq CCj\q Clou CCj\2 CCj^ CCj 



14 



1 



'10 



J \2 
- * 
J l:s 



1 1 1 

1 2 

Figure 7. Pairing analogous to Example l5.ll 



It is not possible to extend Chibrikov's definition of [w] to B; however the classical bracketing [u>] does 
extend to B. In fact, even the proof of the triangularity theorem jTj Thm. 4.9] appears to extend to [B]. 
The result of pairing B* and [B] is similar to Figure 4. 

The basis CB has a good property with respect to vector space quotient maps. Let <\> : V — )• W be a 
vector space quotient map, and suppose that V and W have ordered bases {yi, . . . , v n } and {w±, . . . , w m } 
compatible with <f> so that <j> : {vi, . . . , v n } — > {wi, . . . , w m } with <j>(vi) < 4>(vj) for i < j. Suppose further 
that </> _1 (wi) = {vi}. Write By, Bw for the sets of words B with respect to the ordered alphabets 
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and {wj}. Define the map ij> '■ By ~ > Bw U {0} by <p{a\ ■ ■ ■ au) = 4>{a\) • ■ • 4>(a,k) if <fi( a i) " ' ' 4>( a k) £ Bw 
and otherwise. 

Proposition 8.7. The map L</> : LV LW is given on the basis LBy by L(f> : LBy — > LBw U {0} 

The above proposition can be used to quickly calculate LB. For example, [[[t>2, ^i], V2], [^2, ^i]] G LB so 
[[[vi, vi], Vj], [vk,vi]] £ LB as well for all i,j,k 7^ 1. Neither [£>], JBJ, nor [B] have this property. 

9. Future Directions 

9.1. Pairing matrix formula. The off-diagonal elements of the pairing matrix of B* and the configuration 
basis LB are due to applications of the Arnold identity in the proof of Theorem l6.4l A more careful analysis, 
keeping track of signs and counting occurences should lead to a explicit formulas writing B* in terms of 
QB, which could be used to write the pairing matrix without any pairing computations. This would yield 
marked computational improvements, since there are no known formulas giving the analogous pairing 
matrix for either [B] or fBJ. Since the applications of Arnold in Theorem 16.41 run from left to right, this 
computation will be simplest for B which gathers small simple words on the left side. 

9.2. Grobner basis implimentation. The triangularity theorems (16.41 and !8.3[) imply that LB and LB 
may be used in Grobner basis calculations. This should be implimented in a computer algebra software 
platform such as Sage or GAP. 

9.3. Dual monomial basis. It is unclear whether there is no dual monomial basis of Lie bracket expres- 
sions of LV and associative (bar) words of EV* . As noted in Figure 6, the Lyndon-Shirshov words do not 
have a dual monomial basis. Neither will purely left-normed bracket expressions (e.g. those of the form 
[[[') "])'■■]>■] ~ expressions with 3 of one generator and 4 of another provides a counter-example). However, 
ad-hoc dual monomial bases can be found for examples of computable size. 

Appendix A. Bases 

Below we list the bases used in Figures 2, 4, and 5 presented previously. Recall that in our computation 
of |£>J , we reversed the order of the basis elements to account for the use of Shirshov's ordering convention 



by n. 




Llo 


H 








= xxyyzz 


[\[[[y,x],x],y],z],z] 


[x, [x, [y, [[y,z],z]]]] 


\[[[x, [x,y]],y],z 


A 


L0 2 


— xxyzyz 


['~[[[y,x},x},z},y},z} 


[x, [[x, [y,z]], [y,z]]] 


{[[[x, [x,y]},z],y 


,*] 




= xxyzzy 


[[[[[y,x],x], z] t z],y] 


[x, [fx, 


\\[[x, [x,y]],z],z 


>y] 


CJ4 


= xxzyyz 


[{[[[z,x],x],y],y],z] 


[x, [[x,z],[y,[y,z]}}} 


{[[[x, [x,z]],y],y 


,z] 


w 5 


= xxzyzy 


'''[[[z,x},x},y},z],y] 


[x, [[[x,z], [y,z]],y]] 


[[[[x, [x,z]],y},z 


>y] 




= xxzzyy 


~[[[[z,x},x},z),y),y) 


[x, [[[[x,z],z],y],y]] 


[[[[x, [x,z]],z],y 


>y] 


Lo-j 


= xyxyzz 


[[[[y,x],z],z], [y,x\] 


[[x,y], [x, [[y,z],z]}} 


[[[x,y], [[x,y],z] 


,z] 


LO S 


= xyxzyz 


[[[[z,x],y],z], [y,x]] 


[[x,y], [[x,z], [y,z}\] 


\[[[x,y], [x,z]],y 


A 


L0 9 


= xyxzzy 


[[[[z,x],z],y], [y,x]] 


[[x,y], [[[x,z],z],y]] 


\[[[x,y], [x,z]],z 


,y] 




— xyyxzz 


[[[z,x],z], [[y,x],y]] 


[[[x,y],y], [[x,z],z]] 


Wx,y],y], [x,z] 


A 


LJu 


— xyyzxz 


[[z,x], [[[y,x],y],z]] 


[[x, [y, [y,z]}}, [x,z]] 


\[[[x,y],y],z]i \x 


A] 


W12 


— xyzxzy 


[[[z,n],y], [[y,x],z]] 


[[x, [y,z]],[[x,z],y]] 


\[[[x,y],z], [x,z] 


,y] 


^13 


= xyzyxz 


[[z,x], [[[y,x],z],y]] 


[[[x, [y,z]],y], [x,z]] 


[[[[x,y},z},y], [x 


z]\ 


CJ14 


= xzxzyy 


[[[[*, x],y],y], [z,x]] 


[[x,z], [[[x,z],y],y]] 


[[[x,z], [[x,z],y] 
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